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We propose a method to control the number of species of lattice fermions, which yields new classes of
minimally doubled lattice fermions. We show it is possible to control the number of species by handling
OðaÞ Wilson-term-like corrections in fermion actions, which we will term ‘‘twisted-ordering method’’.
Using this method we obtain new minimally doubled actions with one exact chiral symmetry and exact
locality. We classify the known minimally doubled fermions into two types based on the locations of the
propagator poles in the Brillouin zone.
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I. INTRODUCTION
Since the dawn of lattice field theory [1], the doubling
problem of fermions has been one of the notorious obstacles to QCD simulations. The famous no-go theorem of
Nielsen and Ninomiya [2] most clearly reveals the fate of
lattice fermions. It states that lattice fermion actions with
chiral symmetry, locality, and other common features must
produce degrees of freedom in multiples of two in a continuum limit. In contrast, phenomenologically there exist
only three quarks with masses below the underlying scale
of QCD. By now several fermion constructions to bypass
the no-go theorem have been developed, although all of
them have their individual shortcomings. For example, the
explicit chiral symmetry breaking with the Wilson fermion
approach [1] results in an additive mass renormalization,
which in turn requires a fine-tuning of the mass parameter
for QCD simulations. Domain-wall fermion [3,4] and overlap fermion [5,6] do not possess exact locality, leading to
rather expensive simulation algorithms. These approaches
attempt to realize single fermionic degrees of freedom by
breaking the requisite conditions for the no-go theorem.
On the other hand, there is another direction to approach
numerical simulations. According to [7], Hypercubic symmetry and reflection positivity of actions result in 2d species of fermions where d stands for the dimension. Thus it
is potentially possible to reduce the number of species by
breaking hypercubic symmetry properly. Actually, the
staggered fermion approach [8–10], with only 4 species
of fermions does this and possesses flavored-hypercubic
symmetry instead. However, this requires rooting procedures for the physical 2 or (2 þ 1)-flavor QCD simulation,
which is known to mutilate certain processes.
An interesting goal is a fermion action with only 2
species, the minimal number required by the no-go theorem.
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More than 20 yrs ago, Karsten and Wilczek proposed such a
minimally doubled action [11,12]. Recently, one of the
authors of the present paper [13–15] has also proposed a
two-parameter class of fermion actions, inspired by the
relativistic condensed matter system, graphene [16]. These
minimally doubled fermions all possess one exact chiral
symmetry and exact locality. As such they should be faster
for simulation, at least for two-flavor QCD, than other
chirally symmetric lattice fermions.
However, it has been shown [17–20] that we need to
fine-tune several parameters for a continuum limit with
these actions. This is because they lack sufficient discrete
symmetry to prohibit redundant operators from being generated through loop corrections [21–24]. Thus the minimally doubled fermions have not been extensively used so
far. Nevertheless, there is the possibility to apply them to
simulations if one can efficiently perform the necessary
fine-tuning of parameters. To understand how far we can
reduce the number of fine-tuning parameters, it should be
useful to investigate and classify as many minimally
doubled fermions as possible.
In this paper, we propose a systematic method to reduce
the number of doublers, which we term the ‘‘twistedordering method’’. In this way we obtain new classes of
minimally doubled fermions. We study symmetries of
these fermion actions and show CP invariance and Z4
symmetry. It is also pointed out that they all also require
fine-tuning of several parameters for a correct continuum
limit because of lack of sufficient discrete symmetries. We
classify the known minimally doubled actions into two
types. By this classification we can derive several further
minimally doubled actions deductively.
In Sec. II, we present the twisted-ordering method and
derive a new class of minimally doubled fermion actions.
In Sec. III, we show that two classes of minimally doubled
actions arise from the original twisted-ordering actions.
In Sec. IV, we investigate the symmetries of these fermion
actions. In Sec. V, we discuss two classifications of
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minimally doubled fermions. Section VI is devoted to a
summary and discussion.
II. TWISTED-ORDERING METHOD
In this section, we propose a systematic way of controlling the number of species of lattice fermions within
the requirement of Nielsen-Ninomiya’s no-go theorem.
We will firstly discuss the 2-dimensional case to give an
intuitive understanding of this mechanism. Then we will go
on to the 4-dimensional case and show we can construct a
new minimally doubled action by this method.
A. 2-dimensional case
Let us begin with the following simple 2-dimensional
Dirac operator in momentum space with OðaÞ Wilson-like
terms.
DðpÞ ¼ ðsinp1 þ cosp1  1Þi1 þ ðsinp2 þ cosp2  1Þi2 ;
(1)
where p1 , p2 and 1 , 2 stand for 2-dimensional momenta
and gamma matrices, respectively. Here the deviation from
the usual Wilson action is that the OðaÞ terms are accompanied by gamma matrices. There are four zeros of this
~1 ; p
~2 Þ ¼ ð0; 0Þ, (0, =2), (=2, 0),
Dirac operator at ðp
(=2, =2). This means that the number of the species is
the same as for naive fermions.
Next we ‘‘twist’’ the order of the OðaÞ terms or, equivalently, permute cosp1 and cosp2 to give
DðpÞ ¼ ðsinp1 þ cosp2  1Þi1 þ ðsinp2 þ cosp1  1Þi2 :
(2)
Here only two of the zeros [(0, 0) and (=2, =2)] remain,
and the other two are eliminated. Thus the number of
species becomes two, the minimal number required by
the no-go theorem. As seen from this example, twisting
of the order of OðaÞ terms reduces the number of species.
We call this method ‘‘twisted-ordering’’ in the rest of this
paper. We depict the appearance of zeros in the Brillouin
zone for the above two cases in Fig. 1 and 2. The red-dotted
and blue-solid curves represent the zeros of the coefficients
of 1 and 2 respectively. These curves intersect at only
two points for the twisted case in Fig. 2.
Now consider excitations and the physical (5 )’s at the
two zeros. Here the physical 5 at a zero is defined as
the product of four coefficient matrices of momenta in the
excitation, as we will concretely show later. Now the Dirac
operator is expanded about the zeros as
Dð1Þ ðqÞ ¼ i1 q1 þ i2 q2 þ Oðq2 Þ;

(3)

Dð2Þ ðqÞ ¼ i1 q2  i2 q1 þ Oðq2 Þ:

(4)

~ þ
Here we expand with respect to q defined as p ¼ p
q , and we denote the two expansions as Dð1Þ for the zero
(0, 0) and Dð2Þ for the other at ð=2; =2Þ. Here momentum

FIG. 1 (color online). Zeros for the 2-dimensional untwisted
case are depicted within the Brillouin zone. Red-dotted and bluesolid lines stand for zeros of the coefficients of 1 and 2 ,
respectively, in Eq. (1). Black points stand for the four zeros of
the Dirac operator.
ð1Þ
bases at the zero (0, 0) are given by bð1Þ
1 ¼ ð1; 0Þ and b2 ¼
ð0; 1Þ, while those at the other (=2, =2) are given by
ð2Þ
bð2Þ
1 ¼ ð0; 1Þ and b2 ¼ ð1; 0Þ. This means excitations
from the two zeros describe physical fermions on the
~ ¼ ð0; 0Þ, which we
orthogonal lattice. And the 5 at p
ð1Þ
denote as 5 , is given by

5ð1Þ ¼ 1 2 ;

(5)

~ ¼ ð=2; =2Þ, which we denote as 5ð2Þ ,
while the 5 at p
is given by

FIG. 2 (color online). Zeros for the 2-dimensional twisted case
are depicted within the Brillouin zone. Red-dotted and blue-solid
curves stand for zeros of the coefficients of 1 and 2 , respectively, in Eq. (2). Black points stand for two zeros (0, 0) (=2,
=2) of the Dirac operator.
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ð1Þ
ð2Þ
5 ¼ 2 1 ¼ 5 :

(6)

This sign change between the species is a typical relation
between two species with minimal doubling since NielsenNinomiya’s no-go theorem requires fermion pairs to
possess chiral charges with opposite signs.
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Finally, we consider a case that the order of OðaÞ terms
are maximally twisted: We permute the cos terms in a
cyclic way to give
DðpÞ ¼ ðsinp1 þ cosp2  1Þi1 þ ðsinp2 þ cosp3  1Þi2
þ ðsinp3 þ cosp4  1Þi3 þ ðsinp4 þ cosp1  1Þi4 :
(12)

B. 4-dimensional case
Now let us go to the 4-dimensional twisted-ordering
method. Here we again start with the following simple
action with OðaÞ Wilson-like terms

In this case, there are only 2 zeros at
~2 ; p
~3 ; p
~4 Þ ¼ ð0; 0; 0; 0Þ;
~1 ; p
ðp

DðpÞ ¼ ðsinp1 þ cosp1  1Þi1 þ ðsinp2 þ cosp2  1Þi2
þ ðsinp3 þ cosp3  1Þi3 þ ðsinp4 þ cosp4  1Þi4 :
(7)
Here each of the four momentum components can take
either 0 or =2 for zeros of this Dirac operator. It means
the associated fermion action gives 16 species doublers,
the same as for naive fermions.
Then we first consider the case with twisting the order of
OðaÞ terms once
DðpÞ ¼ ðsinp1 þ cosp1  1Þi1 þ ðsinp2 þ cosp2  1Þi2
þ ðsinp3 þ cosp4  1Þi3 þ ðsinp4 þ cosp3  1Þi4 ;
(8)
where we permute the order of cosp3 and cosp4 . Here we
find that there are 8 zeros of the Dirac operator at
~ 1 ¼ 0 or =2;
p
~4 Þ ¼ ð0; 0Þ
~3 ; p
ðp

~2 ¼ 0 or =2;
p

or ð=2; =2Þ:

(9)

The associated action yields 8 species of doublers. As seen
from this example, the twisted-ordering method reduces
the number of species also in 4-dimensions. In this case,
twisting is performed only once, and the number of species
is reduced by a factor of 2.
Second, we permute cosp1 and cosp2 in addition to
cosp3 and cosp4 to give

We have confirmed there are no other real zeros of this
operator numerically, and we will discuss an analytical
proof in the next section. There are only two species in
this case, the minimal number required by the no-go theorem. This is a new type of minimally doubled fermion on
the orthogonal lattice.
Now we study the excitations and 5 ’s at the two zeros
in a similar way to the 2-dimensional case,
Dð1Þ ðqÞ ¼ i1 q1 þ i2 q2 þ i3 q3 þ i4 q4 þ Oðq2 Þ; (14)
Dð2Þ ðqÞ ¼ i1 q2  i2 q3  i3 q4  i4 q1 þ Oðq2 Þ;
(15)
where we expand the Dirac operator (12) around zeros with
~ þ q , and we denote the
respect to q defined as p ¼ p
two expansions as Dð1Þ for the zero (0, 0, 0, 0) and Dð2Þ
for the other (=2, =2, =2, =2). Momentum bases at
ð1Þ
the zero (0, 0, 0, 0) are given by bð1Þ
1 ¼ ð1, 0, 0, 0), b2 ¼
ð1Þ
ð0, 1, 0, 0), bð1Þ
3 ¼ ð0, 0, 1, 0), and b4 ¼ ð0, 0, 0, 1), while
those at the other zero at (=2, =2, =2, =2) are given
ð2Þ
ð2Þ
by bð2Þ
1 ¼ ð0; 0; 0; 1Þ, b2 ¼ ð1, 0, 0, 0), b3 ¼ ð0; 1,
ð2Þ
0, 0), and b4 ¼ ð0; 0; 1, 0). This means excitations from
the two zeros describe physical fermions on the orthogonal
~ ¼ ð0, 0, 0, 0), which we
lattice again. And the 5 at p
denote as 5ð1Þ , is given by

DðpÞ ¼ ðsinp1 þ cosp2  1Þi1 þ ðsinp2 þ cosp1  1Þi2
þ ðsinp3 þ cosp4  1Þi3 þ ðsinp4 þ cosp3  1Þi4 :
(10)
In this case there are only 4 zeros at
~2 Þ ¼ ð0; 0Þ
~1 ; p
ðp

or ð=2; =2Þ

~3 ; p
~4 Þ ¼ ð0; 0Þ
ðp

or ð=2; =2Þ:

ð=2; =2; =2; =2Þ:
(13)

ð1Þ
5 ¼ 1 2 3 4 ;

~ ¼ ð=2; =2; =2; =2Þ, which we
while the 5 at p
denote as 5ð2Þ , is given by
ð1Þ
ð2Þ
5 ¼ 4 1 2 3 ¼ 5 :

(11)

Thus the associated action yields 4 species of doublers.
This example indicates that more twisting results in additional reduction of species. In these two examples, Eqs. (8)
and (10), twisting is performed partially, and so we call
these kinds of procedures ‘‘partially-twisted-ordering’’.

(16)

(17)

This is a typical relation between the two species with
minimal doubling.
Gauging these theories is straightforward. One merely
inserts the gauge fields as link operators in the hopping
terms for the action in position space. Specifically, for the
twisted-ordering minimally doubled fermion in position
space we have
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1X 
y
½ c  ðU c
 Un;
c n Þ
2 n; n  n; nþ
y
c n  2 c n Þ;
þ i c n 1 ðUn; c nþ þ Un;

(18)
where we define
1



1; 2; 3 ð ¼ 2; 3; 4Þ
4
ð ¼ 1Þ:

(19)

We note that in the twisted-ordering method, we control
the number of species by choosing the extent of breaking of
discrete symmetries of the action. Twisting of OðaÞ terms
leads to breaking of the hypercubic symmetry. On the other
hand, it is well known that hypercubic symmetry of the
lattice fermion action requires 16 species as shown in [7].
Thus it is reasonable that more breaking of discrete symmetries can lead to less doubling.
III. MINIMALLY DOUBLED FERMIONS
In this section, we discuss two classes of minimally
doubled actions obtained from the original twistedordering action (12). The first one, which we call the
‘‘dropped twisted-ordering action,’’ is constructed as following: We drop one of cosp  1 terms in the Dirac
operator (12), for example, drop cosp1  1 as
DðpÞ ¼ ðsinp1 þ cosp2  1Þi1 þ ðsinp2 þ cosp3
 1Þi2 þ ðsinp3 þ cosp4  1Þi3 þ sinp4 i4 :
(20)
This has two zeros given by
~2 ; p
~3 ; p
~4 Þ ¼ ð0; 0; 0; 0Þ;
~1 ; p
ðp

ð; 0; 0; 0Þ:

(21)

Thus the associated action is also a minimally doubled
action. Here the two (5 )’s at the two zeros also have
opposite signs
5ð1Þ ¼ 1 2 3 4 ;

ð1Þ
ð2Þ
5 ¼ ð1 Þ2 3 4 ¼ 5 ; (22)

ð2Þ
where ð1Þ
5 corresponds to (0, 0, 0, 0) and 5 to ð, 0, 0, 0).
We can also confirm this action describes physical fermions on the orthogonal lattice by looking into excitations
from the zeros as in the previous section. We depict
the appearance of zeros for the two dimensional case of
the dropped twisted-ordering action in Fig. 3. We see there
are only two zeros as (0, 0) and ð, 0). The 4-dimensional
case is similar.
Here we comment on definition of the equivalence of
actions. We can convert one fermion action to an equivalent one with a different form by momentum shift and
rotation of gamma matrices. Here the momentum shift
means

p ! p þ k ;

(23)

FIG. 3 (color online). The two zeros for the Dirac operator
(20) in the 2-dimensional analogy. Red-dotted and blue-solid
lines stand for zeros of the coefficients of 1 and 2 , namely,
( sinp1 þ cosp2  1) and sinp2 , respectively. Black dots show
two zeros (0, 0) and ð; 0Þ.

where k are some constant four vector. The rotation of
gamma matrices means
 ! C  ;

(24)

where C is an orthogonal matrix. Although by using
such a shift and rotation we can control the location of
two zeros with the distance and direction between them
fixed, the original and transformed actions are clearly
equivalent. Now we can easily see the original (12) and
dropped twisted-ordering (20) actions never translate into
Borici [14] or Karsten-Wilczek [11,12] actions through
these two procedures. It means our actions are independent
and new ones.
Next we consider a second generalization where we turn
on a parameter in the action (12) as following:
DðpÞ ¼ ðsinp1 þ cosp2  Þi1 þ ðsinp2 þ cosp3  Þi2
þ ðsinp3 þ cosp4  Þi3
þ ðsinp4 þ cosp1  Þi4 :

(25)

Here we replace unity with a positive parameter  in the
constant terms of the operator. We will also call this one the
twisted-ordering fermion action in the rest of this paper.
The  ¼ 1 case corresponds to the original case. Now, in
order to investigate the parameter range within which
‘‘minimal doubling’’ is realized, we define sinp1 ¼ x,
sinp2 ¼ y, sinp3 ¼ z, sinp4 ¼ w and rewrite the equations
for zeros in terms of these variables
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y  1  z2 ¼ ;
x  1  y2 ¼ ;
(26)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
w  1  x ¼ :
z  1  w ¼ ;
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To make it easier to see we rewrite this as
x2 þ y2  2x ¼ 1  2 ;

y2 þ z2  2y ¼ 1  2 ;

z2 þ w2  2z ¼ 1  2 ;

w2 þ x2  2w ¼ 1  2 ;
(27)

where in principle there are 16 complex solutions. The
number of solutions of this system is the same as the original
ones (25) and (26). Thus we can study the range of the
parameter for minimal doubling by looking into how many
real solutions this system of equations has. By eliminating y,
z, and w, we obtain the following equation for x:
80 ð2x2  2x þ 2  1Þ8 ¼ 0;

(28)

where we can confirm this by using software such as
Maxima. This means, except for  ¼ 0, there are only the
two solutions
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
  2  2
x¼y¼z¼w¼
:
(29)
2
pﬃﬃﬃ
From this  should be below  ¼ 2 so that the solutions
are real. For  ¼ 0 the above Eq. (28) is satisfied by any
value of x, which means that zeros appear as a onedimensional curve, not a point. We will discuss this in detail
later.pWe
ﬃﬃﬃ find there are two real solutions in the range 0 <
 < 2, which corresponds to a pair of minimally doubled
species. This is the range of the parameter  for minimal
doubling. We can also verify this minimal-doubling range
numerically.
What is significant for  ¼ 0 is that zeros of the Dirac
operator (25) appear as an one-dimensional curve, not a
point, in the momentum space. We can confirm this as
following. Equations for zeros of the Dirac operator (25) at
 ¼ 0 are given by
sinp1 þ cosp2 ¼ 0;

sinp2 þ cosp3 ¼ 0;

sinp3 þ cosp4 ¼ 0;

sinp4 þ cosp1 ¼ 0:
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a Dirac form. Because of these nonlinear corrections, we
conclude that we should use this action only with  substantially away from   0. This property at  ¼ 0 is also
the case for any even number of dimensions.
We can visualize the allowed range of the parameter 
from the p2-dimensional
analogy. In the 2d case,
ﬃﬃﬃ
pﬃﬃﬃthe upper
limit of 2 is illustrated in Fig. 4. For  ¼ 2 the two
zeros join to a double zero, where the excitation is not
Lorentz-covariant. For a lower limit, the 2d analogy shows
minimal doubling persists as long as  is positive. We
depict 2d cases for  ¼ 0:1 and  ¼ 0 in Figs. 5 and 6.
For  ¼ 0 the solution appears as an one-dimensional line,
thus there is no simple pole in the propagator.
We conclude that the parameter range for minimal
doubling in both 2 and 4 dimensions is given by
pﬃﬃﬃ
0 <  < 2:

(33)

In this range, two zeros of the 4d Dirac operator, which we
~ð1Þ
~ð2Þ
denote as p
 and p
 , are given by
~ ð1Þ
p


~ ð2Þ
p


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

  2  2
¼ arcsinA;
¼ arcsin
2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 þ 2  2
¼ arcsin
¼ arcsin 1  A2 ;
2

(34)

(35)

wherepfor
convenience
we define a parameter A as A 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ð  2  2 Þ=2. These two zeros reduce to Eq. (13) with
 ¼ 1. Excitations from these zeros are given by

(30)

These equations are satisfied by
p2 ¼ ðp1 þ =2Þ;

p3 ¼ ðp2 þ =2Þ;

p4 ¼ ðp3 þ =2Þ;

p1 ¼ ðp4 þ =2Þ;

(31)

where we ignore the arbitrariness of adding 2. As seen
from these relations, the solution appears as an onedimensional curve. For example, you find the following
curve satisfies the above equations:




~1 ; p
~2 ; p
~3 ; p
~4 Þ ¼ p;
~   p;
~ p;
~  p
~ ;
ðp
(32)
2
2
~ can take an arbitrary value. We can also underwhere p
stand this from the fact that (27) reduces to three independent equations for  ¼ 0. This emergence of a line
solution indicates that the excitation around zeros for a
small  becomes incompatible with a Lorentz-covariant or

FIG. 4 (color
pﬃﬃﬃonline). A 2d analogy of two zeros at the upper
limit  ¼ 2 in (25). Red-dotted and blue-solid lines stand
for zerospof
ﬃﬃﬃ the coefficients of 1 and
pﬃﬃﬃ2 , namely, ( sinp1 þ
cosp2  2) and ( sinp2 þ cosp1  2), respectively. Two
zeros collide with each other and reduce to a double zero shown
as a black point, whose excitation is not Lorentz-covariant.
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2

FIG. 5 (color online). A 2d analogy of two zeros for the lower
limit  ¼ 0:1 in (25). Red-dotted and blue-solid lines stand
for zeros of the coefficients of 1 and 2 , namely, ( sinp1 þ
cosp2  0:1) and ( sinp2 þ cosp1  0:1), respectively. Two
zeros shown as black points go further to each other with 
decreasing. There are nonlinear corrections to the dispersion
relation, which leads to Lorentz-noncovariant excitations.

where Oðq Þ corrections are not negligible for a small
 as we have discussed. Momentum
zero
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ bases at the ð1Þ
ð1Þ
ð1Þ
2
p p
are
given
by b1 ¼ ð 1  A p; 0;
0; AÞ,
b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ð1Þ
2
ðA; 1  A2 ; 0;p
¼
ð0;
A;
1

A
0Þ,
b
;
0Þ,
and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3ﬃ
ð1Þ
2
at theﬃ other zero
b4 ¼ ð0; 0; A; 1  A Þ, while those
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
ðA;
0;
0;

1
 ﬃA2 Þ, bð2Þ
arepﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
givenﬃ by bð2Þ
1
2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ð2Þ
2
2
ð 1  A ; A;p0;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0Þ, ﬃ b3 ¼ ð0;  1  A ; A; 0Þ, and
ð2Þ
b4 ¼ ð0; 0;  1  A2 ; AÞ. They are clearly nonorthogonal for cases of   1 thus the associated lattices are
nonorthogonal as with the Creutz fermion [13].
We note we have confirmed the parameter range for
minimal doubling (33) is also the case with other even
dimensions (d ¼ 2, 4, 6, 8, 10). From this fact, we can
anticipate this is a universal property for this class of
actions for any even dimensions.
Here we comment on the ranges of the parameter for
minimal doubling in odd dimensions. For example, in the
3d case, we can rewrite analogous equations for zeros of
the operator with sinp1 ¼ x, sinp2 ¼ y, and sinp3 ¼ z as
x2 þ y2  2x ¼ 1  2 ;
y2 þ z2  2y ¼ 1  2 ;

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dð1Þ ðqÞ ¼ i 1  A2 ð1 q1 þ 2 q2 þ 3 q3 þ 4 q4 Þ

2

(38)

2

z þ x  2z ¼ 1   :

 iAð1 q2 þ 2 q3 þ 3 q4 þ 4 q1 Þ þ Oðq2 Þ;
(36)
ð2Þ

D ðqÞ ¼ iAð1 q1 þ 2 q2 þ 3 q3 þ 4 q4 Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 i 1  A2 ð1 q2 þ 2 q3 þ 3 q4 þ 4 q1 Þ
þ Oðq2 Þ;

2

By eliminating y and z, we obtain the following equation
for x:
ð2x2  2x þ 2  1Þð8x6  24x5 þ ð362  12Þx4
 ð363  24Þx3 þ ð24  402 þ 6Þx2
þ ð105 þ 283  6Þx þ 256 þ 294
þ 112 þ 1Þ ¼ 0:

(37)

(39)

As seen from this, there
pﬃﬃﬃ are two real solutions similar with
the 4d case for  < 2 as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
  2  2
:
(40)
x¼y¼z¼
2
However, in this case we have six more complex solutions,
which come from the other factor (39). The question is how
many real solutions this equation has. We have studied it
numerically and found six real solutions exist below a
critical value of  as  ¼ 0.28 . . ., while there are six
complex solutions above it. Thus the minimal-doubling
parameter range in the 3d case is given by
pﬃﬃﬃ
0:28 . . . <  < 2:
(41)

FIG. 6 (color online). A 2d analogy of two zeros for the lower
limit  ¼ 0 in (25). Red-dotted and blue-solid lines stand for
zeros of the coefficients of 1 and 2 , namely, ( sinp1 þ cosp2 )
and ( sinp2 þ cosp1 ), respectively. There are piled lines composed of red and blue lines, which stand for one-dimensional line
solutions.

In this case, the lower limit is nonzero while the upper limit
is the same as even dimensional cases. Indeed, we can
numerically confirm this kind of nonzero lower limit is also
the case with any odd dimensional twisted-ordering action.
We can explain the reason that there is such difference
between the even and odd dimensional cases as following:
As seen from (38), there are d independent equations even
for  ¼ 0 in the (d ¼ 2n þ 1)-dim cases (n ¼ 1, 2, 3, . . .),
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while there are only d  1 equations in the even dimensions for  ¼ 0. This means that the Dirac operator can
have 2d zeros for  ¼ 0 in the odd dimensional cases,
while zeros appear as a curve in even dimensions.
Actually, as seen from (39), there are 2d independent real
solutions for  ¼ 0 in the odd dimensions. Since only two
zeros exist for  ¼ 1, also for odd dimensions, there must
be a critical point between  ¼ 0 and  ¼ 1 in odd
dimensions.
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and

Oð1Þ
4 ¼ c  D c ;

Oð2Þ
4 ¼ c 1 D1 c ;

Oð3Þ
4 ¼ c 2 D2 c ;

Oð4Þ
4 ¼ c 3 D3 c ;
Oð5Þ
4 ¼ F F ;
Oð6Þ
4 ¼ F1 F1 ;

IV. SYMMETRIES
In the previous section, we have studied two classes of
minimally doubled actions in (20) and (25), both of which
are obtained from the twisted-ordering action in (12).
In this section, we will discuss discrete symmetries of
these actions and redundant operators generated by loop
corrections.
First, we note both of the actions possess some common
properties with other minimally doubled fermions:
‘‘gamma-five Hermiticity’’, ‘‘discrete translation invariance’’, ‘‘flavor-singlet Uð1ÞV ,’’ and ‘‘flavor-nonsinglet
Uð1ÞA .’’ The latter is the exact chiral symmetry preventing
additive mass renormalization for the neutral pion. In
addition to them, they have exact locality and gauge invariance when gauged by link variables. We expect every
sensible minimally doubled fermion to possess these basic
properties.
On the other hand, Discrete symmetries associated with
permutation of the axes and C, P, or T invariance depends
on a class of the actions. In other words, we can identify
minimally doubled actions by these discrete symmetries.
Here we show discrete symmetries which the dropped
twisted-ordering action possesses:
(1) CP,
(2) T,
(3) Z2 associated with two zeros.
Here we take the p4 direction as time. We also write
the symmetries which the full twisted-ordering action
possesses:
(1) CPT,
(2) Z4 associated with axes permutation,
(3) Z2 associated with two zeros.
There is also the possibility to utilize the above Z2
symmetry in order to recover flavored-C, P, or T symmetry. Actually Borici-Creutz action has a flavored-C symmetry [17]. However, we do not further discuss here details
of this point, to which a future work will be devoted.
The dropped twisted-ordering action has CP and T
invariance. We consider what redundant operators can be
generated radiatively in this action following the prescription shown in [17]. The relevant and marginal operators
generated through loop corrections are given by
O ð1Þ
3

¼ c i1 c ;

Oð2Þ
3

¼ c i2 c ;

(43)

Oð3Þ
3

Oð7Þ
4 ¼ F2 F2 ;
Oð8Þ
4 ¼ F3 F3 :
These operators are allowed by the symmetries possessed
by the action. Note that the marginal operators include a
renormalization of the speed of light, both for the fermions
and the gluons.
On the other hand, the case of twisted-ordering action is
similar to that of Borici-Creutz action which has higher
symmetry S4 than Z4 [17]. It is unlikely that there are more
redundant operators generated in the twisted-ordering
action than those of the Borici-Creutz one shown in [17].
However, in the future we need to confirm that this reduction of symmetry does not affect the number of redundant
operators. Then we will know whether or not this class is
more useful than the Borici-Creutz class.
V. CLASSIFICATION
In this section, we discuss a classification of the known
minimally doubled fermions. So far we have seen four
variations on minimally doubled fermions: KarstenWilczek, Borici-Creutz, twisted-ordering, and dropped
twisted-ordering fermions. Here we classify these actions
into two types: One of them, which includes KarstenWilczek and dropped twisted-ordering actions, is given by
X
X
DðpÞ ¼ i sinp þ ii Rij ðcospj  1Þ;
(44)


i;j

where we take i ¼ 1, 2, 3 as i while j ¼ 2, 3, 4 as j. The
point is that indices i and j are staggered. The different
actions in this class depend on the choice for the matrix R.
For example, consider the following R’s
0
1
1 1 1
(45)
R ¼ @ 0 0 0 A;
0 0 0

¼ c i3 c ;
(42)
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0

1
R ¼ @0
0
0

1
R ¼ @0
0

0
1
0

1
0
0 A;
1

(46)

1
0
0

1
0
1 A:
0

(47)
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In the case of (45), the general form (44) reduces to
Karsten-Wilczek action as following:
DðpÞ ¼ ðsinp1 þ cosp2 þ cosp3 þ cosp4  3Þi1
þ sinp2 i2 þ sinp3 i3 þ sinp4 i4 :

(48)

Here you can also add an overall factor as a parameter to R.
Actually, the original Karsten-Wilczek action includes
such a parameter  in front of OðaÞ terms with a
minimal-doubling range of the parameter  > 1=2.
In the case of (46), this reduces to the dropped twistedordering action
DðpÞ ¼ ðsinp1 þ cosp2  1Þi1 þ ðsinp2 þ cosp3  1Þi2
þ ðsinp3 þ cosp4  1Þi3 þ sinp4 i4 ;

(49)

where you can also add an overall parameter to R.
Finally, the action for the case (47) is a new possibility,
given by
DðpÞ ¼ ðsinp1 þ cosp2 þ cosp3  2Þi1 þ ðsinp2
þ cosp4  1Þi2 þ sinp3 i3 þ sinp4 i4 : (50)
We see that there are many options associated with
possible R’s. One common property with fermions obtained in this way is that two zeros are separated along a
single lattice axis and given by (0, 0, 0,0) and ð; 0; 0; 0Þ.
One significance about the general form (44) is that
a coefficient of at least one gamma matrix has no
ðcosp  1Þ term. It is also notable that, in a coefficient
of each gamma matrix, a momentum component p associated with a sine term differs from the component in any
cosine term. These two points seem to be essential to
minimal doubling. Here we note minimal doubling still
persists if we add a ( cosp1  1) term to any actions
obtained from (44). We can change the location of the
two zeros by adding such a term with a parameter.
Here let us comment on a sufficient condition of R for
minimal doubling. We found minimal doubling is realized
when you take the following class of R’s: R’s composed by
three column vectors as R ¼ ðv1 ; v2 ; v3 Þ with each vector
vi (i ¼ 1, 2, 3) taken as ð1; 0; 0ÞT , ð0; 1; 0ÞT , or ð0; 0; 1ÞT .
All the examples we have shown here satisfy this condition. However, we have not yet revealed a necessary condition for this. Our future work will be devoted to revealing
such a condition.
The second class of actions includes the twistedordering fermion with the  parameter and the BoriciCreutz actions. A generalized Dirac operator for this type
is given by
X
DðpÞ ¼ i ½ sinðp þ  Þ  0 sinðp   Þ  i;


(51)
0

¼ A  is another set of gamma matrices,
where
where we define A as an orthogonal matrix with some

conditions: At least one eigenvalue of A should be 1 and
all four components of the associated eigenvector should
have nonzero values. Here  and  have a relation with
P
P
this A as  ¼   sin2 ¼  0 sin2 , which
means sin2 is an eigenvector of A as A sin2 ¼
sin2 . Thus once A is fixed,  and  are determined
up to a overall factor of sin2 . By imposing these conditions on A,  , and , the action (51) can be a minimally
doubled action. In such a case,  indicates locations of
~ ¼  . Adjusting , we can control the
two zeros as p
locations of the zeros.
Note that the first and second terms in (51) are nothing
but naive fermion actions. We can eliminate some species
by combining two naive actions with different zeros in one
action.
Now let us show this action includes minimally doubled
actions. First, this general form in (51) reduces to Borici
action by choosing A, which is given by
1
0
1 1
1
1
1 B 1 1 1
1 C
C
C; (52)
B
0 ¼ A  ;
A¼ B
1 1 1 A
2@ 1
1
1
1 1
where we fix  ¼ =4 thus  is given by  ¼
P
P
 sinð=2Þ ¼
  .
This general form (51) also yields the twisted-ordering
action. For this we take the following matrix A:
1
0
0 0 0 1
B1 0 0 0C
C;
B
(53)
A¼B
0 ¼ A  ;
A
@0 1 0 0C
0 0 1 0
P
fix  ¼ =4, and  is given by  ¼   . Then the
general form reduces to the twisted-ordering action with
 ¼ 1. We can also obtain the pﬃﬃﬃ 1 case by choosing
other values of  . For 0 <  < 2, we take 0 <  <
=2 along with which an overall factor for  changes.
We note this general form (51) also includes nonminimally doubled actions like the partially twisted-ordering
actions in (8) and (10). Here let us consider
1
0
0 1 0 0
B1 0 0 0C
C;
B
(54)
0 ¼ A  ;
A¼B
A
@0 0 0 1C
0 0 1 0
P
and fix sin2 , where  is given by  ¼   . This
clearly gives the partially-twisted-ordering action in (10).
Finally, we have classified the known minimally
doubled fermions into the two types. Now we can derive
a lot of varieties from these general forms deductively as
we have shown in (50). However, the second type of
general actions (51) is not restricted only to minimally
doubled fermions. We may be able to restrict it by imposing other conditions. We note the two fermion actions
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which we derived from the twisted-ordering method,
namely, twisted-ordering and dropped twisted-ordering,
belong to different types of minimally doubled fermions,
although they look similar to each other.

two types. We can derive several unknown minimally
doubled actions by this classification.
With several varieties of minimally doubled fermion
actions available, a goal is to apply these actions to numerical simulations and study their relative advantages. In
particular, it is important to investigate how many finetuning parameters are required for a good continuum limit
and how difficult this tuning is. This kind of study was
started in [17]. Recently, renormalization of the operators
has been also studied in [22–24]. Both of these studies
focused on Karsten-Wilczek and Borici-Creutz fermions.
One can now explore other varieties such as ones in this
paper. With a better understanding of their properties, one
can go on to larger numerical calculations.

VI. SUMMARY
In this paper, we study a variety of new classes of
minimally doubled fermions and a classification of all
the known cases. In Sec. II, we propose a systematic
method to reduce the number of species, the twistedordering method. In this method, we can choose 2, 4, 8,
and 16 as the number of species by controlling discrete
symmetry breaking. By using this method, we obtain new
classes of minimally doubled fermions, which we call
twisted-ordering and dropped twisted-ordering actions. In
Sec. III, we study these two classes in terms of the parameter range for minimal doubling. In Sec. IV, we study
discrete symmetries of these fermion actions and show
twisted-ordering action has Z4 symmetry, while dropped
twisted-ordering action possesses CP invariance. We also
show they require fine-tuning of several parameters for a
correct continuum limit because of lack of sufficient discrete symmetries in the known classes. In Sec. V, we
classify all the known minimally doubled actions into
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